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Abstract·- A model is constructed to evaluate the stress intensity factors (SIFs) for composites with
an inter-laminar crack subjected to an arbitrary normal loading. A mixed boundary value problem
is formulated by the Fourier integral transform method and a Fredholm integral equation of the
first kind is derived. The integral equation is solved numerically. The mode I SIFs are evaluated for
various ratios of shear moduli of successive layers and ratios of crack length-to-Iayer thickness.
Furthermore, the terms as well as the shape of crack surface polynomial loading and the number
of layers affect the variation of SIFs. 1998 Elsevier Science Ltd. All rights reserved.

NOMEr-iCLATURE

a
g(x)

G,
h,
.I()(~t), .I](~/)

n

P2k.P21.

/3
I,

ttl
I f2

lmo

I",

I1'(r",). Jl'(cx!)

JIll
JIG]
II,
\',

r i

C;

Tm • 'Y. l

AW· B,(O. CJO. DJ!;)

half crack length
arbitrary crack surface pressure
Fourier transformation of Airy stress function for thej-th layer
distance from the crack to the exterior interface of the j-th layer
Bessel function of the first kind of order 0 and I. respectively .
number of layers
influence coefficients for symmetric and anti-symmetric loading parts. respectively
order of eaeh term of polynomial loading
fiber layer thickness
first fiber layer thickness
second fiber layer thickness
cracked resin layer thickness
sound resin layer thickness
integration weights for Gaussian and Laguerre integrations. respectively
local tiber volume fraction
global fiber volume fraction
shear modulus for the.i-tll layer
Poisson's ratio for the i-th layer
shear modulus ratio ( == 1';1',. ,)
Fourier transformation variable
stress components for thej-th layer
displacement components for thej-th layer
integration abscissas for Gaussian and Laguerre integrations. respectively
unknown coeftklCnls

INTRODUCTION

Recently, a lot of papers studied the fracture problem for the layered material weakened
by a crack. Gecit and Erdogan (1978), Hilton and Sih (1971), and Fowser and Chou (1991)
considered the intra-laminar crack in a layered material under a uniform loading. Hilton
and Sih (1970) considered a cracked layer bonded between two half-planes under a uniform
loading and derived stress intensity factors (SIFs) by the integral transform method. Delale
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and Erdogan (1988) obtained mode I and mode III SIFs for two homogeneous elastic half
planes bonded through a non-homogeneous layer with a central crack. Lin and Keer (1989)
solved the problem of a vertical crack being in a multi-layered medium. Also, Kim et al.
(1991, J992) faced the problem of cracks being in three-layered elastic medium under in
plane. anti-plane shear and uniform tension loadings, respectively. On the other hand, Isida
(J 971, 1976) solved a problem for non-uniformly stressed central crack embedded in finite
and infinite plates by using Laurent expansions of the complex potentials. Chen (1989)
obtained SIFs for the anti-symmetric crack surface loading by the Fourier integral trans
form method. Chen and Chang (1989) obtained mode I and II SIFs for an infinite plate by
an efficient finite element alternating method. Fan and Keer (1990) evaluated mode I and
II SIFs for the strip with a semi-infinite crack subjected to an arbitrarily distributed traction
on the crack surface. Noda et al. (1992) studied SIFs for two bonded elastic layers with a
single edge crack under various loading conditions. Recently, Lee et al. (1994a) considered
the problem of a three-layered material with a cracked layer, which is subjected to normal
crack surface tractions linearly varying and evaluated mode I SIF. Also, Kim et ai, (1995)
as Vliell as Lee et ai, (1994b) studied the cracked multi-layered medium subjected to anti
symmetric normal crack surface tractions.

In this paper, the problem of the inter-laminar cracked composites subjected to an
arbitrary crack surface loading normal to the crack axis is studied. Following the linear
elasticity approach and using the Fourier integral transform method, a Fredholm integral
equation of the first kind is derived and SIFs are evaluated numerically. The obtained
values of SIFs are presented j~)r each term of crack surface polynomial loading, the number
of layers, the ratio of shear moduli between successive layers, Poisson's ratio, ratio of the
crack length-to-layer thickness and the thickness of each layer. Furthermore, SI Fs for E
glass/epoxy composites as well as the hybrid composites are evaluated as a frequently
encountered composites in practical applications.

PROBLEM FORMULATION

Consider a plane-strain type layered material with a central crack subjected to arbitrary
surface loadings as illustrated in Fig, I. It is assumed that the crack is parallel to the layers
interface, whereas the successive isotropic layers consist of different materials are perfectly
bonded to one another. Using the Fourier integral transformation, stress and displacement
components can be formulated for symmetric and anti-symmetric loadings, respectively, in
the form
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G, = [A ,(() + (yBi(()] cosh((y) + [C i (() + (VDi(~)] sinh(~y) U = 1,2,3, ... ,11) (2)

The subscript j = 1 represents the first layer where the crack is located. It is assumed that
the thickness of the layers is identical, v, and Ei are Poisson's ratio and Young's modulus
for thej-th layer, respectively. The unknown coefficients A,(~), Bl~), Cj(O and Di(~) are to
be determined.

Because of the symmetry of the configuration for the considered model in relation to
the crack axis, just the upper half plane needs to be examined for solving the stated problem.
Then, the boundary conditions are as follows:

(TI1!1) = -g(x) -a < x < a.

1'(1) 0 Ixl > a,

1'=0

I' = ()

(Tn!l) = 0 -x < x < ,x., l' 0

O"IT( I) :=: al'l"( / + 1,1

(T.l]'!!!) = ()

_. x, < x < x.,

-x~<x<x..

-- x. < x < x.,

- 'x < x < x.,
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(3)

The arbitrary crack surface pressure g(x) is defined as
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(4)

where P2k and P2k ] are the influence coefficients given for the symmetric and anti-symmetric
loading parts, respectively.

For simplicity of the formulation, the arbitrary crack surface pressure g(.x) is separated
into symmetric and anti-symmetric loading parts without loss of generality. By applying
eqns (Ib) and (Ie) in egns (3a) and (3b), respectively, the following pair of dual integral
equations can be obtained for each loading part,

I, Al(~) [cos~XJd( = [OJ (ixi > a)
.1) SIl1 SX 0

(5)
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Furthermore, A] (0 can be defined as follows:

T= Q]R
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R 4 = z] tanhz]-2(I-vd. R, = R" = ... = R 4'12 = ° (z] == (h]) (13)

and Qis defined in the Appendix.
By following the method of Copson (1961), M(~) is defined for symmetric and anti

symmetric loading problems, respectively, in the form

M(~) (14)

where i() and i 1 are the Bessel function of the first kind of order °and I, respectively,
whereas cP2k(t) and lj;'k ](t) are to be determined. By taking into account egn (14), eqn (5)
is automatically satisfied and eqn (6) is reduced to the form of the Fredholm integral
equation of the second kind as follows:
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SIFs for inter-laminar cracked composites

'---1< [Jo(n)Jo(CW)]K(T, a) = ,ira ,x[F(aja) -I] da
o J[ (n)J] (aa)

(2k-I)!! 2k+12
q2k ( a) = '(2kjjT' a

. (2k-.I)!!",2k_12
12k 1(a) v

(2k)!!

(2k-I)!! =(2k-1)x(2k-3), ... ,3x I, (2k)!! =(2k)x(2k-2), ... ,4x2

[=ar. s=aa.x=~a, -,=a.\'

4359

(15)

(16)

To solve the Fredholm integral equation, the Gaussian-Laguerre integration technique is
utilized. At T", = a", (m = I ~ Ne;), <1>2k(T",) and \fI 2k J(T",) can be determined numerically
as follows:

(e = I ~ /1/(,) (17)

K(T"" Te ) = (18)

where 3",,, is Kronecker's delta, T", and a, are the abscissas for Gaussian and Laguerre
integrations, respectively, and Te is the collocation point. Weal) and W(T",) are the weight
factors for Laguerre and Gaussian integrations, respectively, with N{ and l'v'(, being the
number of integration points. The SIFs for both sides of the crack tips are calculated in the
forms

K]R lim ...../2na(.x-l)a"illX,(»,-.1

Kil. = lim Vi -2na(.\'+ l)a,.I(I)('\"O)
,. I ..

(19)

where K IR and Kil. represent SIFs at the right and left-hand side crack tip, respectively.
After some integral manipulations for a,..( [)(.x, 0), the SIPs are obtained in the forms

(20)

NUMERICAL RESULTS AND DISCUSSION

For the homogeneous isotropic half space case, the kernel K(T,O") in eqn (IS)
approaches zero because F(aja) = I. Therefore, the SIFs are obtained explicitly as follows:
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(21 )

The results coincide with those obtained in the works of Isida (1971, 1976), Tada et ai,
(1973) and Chen (1989),

For simplicity of the analysis in the three-layered material case, it is assumed that each
layer is composed of identical thicknesses (tj = t2 = t) = to). In earlier studies, Kim et al.
(1991) showed that the Poisson's ratio does not significantly influence SIFs, and therefore,
the Poisson's ratio for each layer is assumed as 0.3, Figl!re 2 shows the dimensionless SIFs
for each term ([3) of polynomial loading, KVi) !(p/i/na), in the right crack tip with the
variations of crack length-to-Iayer thickness ratio (a/to) and shear modulus ratio, The
dimensionless SIF increases as the alto increases. (Actual SIFs increase as the width of the
cracked layer, to decreases when the crack length, a, is fixed.) The dimensionless SIFs for
layered material with f j = f 2 = 2.0 are higher than those obtained with f j = f 2 = 0.5.
Also, the dimensionless SIFs greatly reduce as discussed by Isida (1976) and Lee et al.
(1994) as the order un of each term of polynomial loading increases when the even and
odd terms of the polynomial are considered separately. The convergencies of the solutions
are examined in Table 1 and the accuracy needed in the engineering viewpoint is acquired,

Next, the multi-layer case is considered. For simplicity of the problem, it is assumed
that each layer is composed of identical thickness (II = t2 = " , = t" = til) and the shear
moduli of the layers are gradually increasing or decreasing, As shown in Fig, 3, the
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Fig, 2, Dimensionless SIJ'ess intensity factor for a Ihree-layered case,
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Table I. Convergency of numerical analysis for dimensionless stress intensity factor

Dimensionless SIFs (Ki'''/Pr,J;;)

4361

[, = [, = 0.5
a/lo = 0.1

fi = 0

[, = [, = 0.2
ajlo = 4.0

f3=0

[, = [, = 0.5
a/t" = 4.0

f3 = I

[, = r, = 0.2
a/I,. = 4.0

fi = I

10 50 0.993726 3.056173 0,499997 0.876375
100 0.993726 3.053153 0,499992 0.876374
110 0.993726 3.053152 0,499992 0.876374

20 50 0.998311 3.052824 0,499995 0865089
100 0.998310 3.052810 0,499993 0.865088
110 0.998310 3.052809 0,499993 0865088

30 50 0.999030 3057252 0.499993 0.863858
100 0.999030 3.057237 0,499993 0863858
110 0.999030 3.057237 0.499993 0863858

40 50 0.998230 3.057372 0,499993 0863857
JOO 0.998230 3.057357 0,499991 0.863830
110 0.998230 3.057357 0.499991 0863830

dimensionless SIF for each term of polynomial loading increases as a/to increases, the shear
modulus ratio increases and f3 decreases, as discussed in the previously considered problem
of the three-layered material. When the layer is relatively thin (a/to = 4.0), the dimensionless
SIF decreases abruptly as the number of layers (n) increases.

For E-glass/epoxy composites shown in Fig. 4, the shear moduli of E-glass fiber and
epoxy are 4.4 x 106 psi and 0.19 x 106 psi with Poisson's ratios being 0.2 and 0.35, respectively
(Schwartz, 1992). The local fiber volume fraction near the cracked epoxy layer region, Vu ,
is calculated as (Bechel and Kaw, ]994),

VLF (22)

Also, the global fiber volume fraction far from the cracked epoxy layer region, VGF , is
calculated as

(23)

In the following numerical analysis, VlF was selected VlF to be equal with 0.2, 0.4, 0.6 and
0.8, whereas VGF takes the values 0.3,0.5,0.8 and a/t",o varies from 0.1-4.0. Figure 5 and
Table 2 show the dimensionless SIFs for each term (f3 = 0, I) of polynomial loading in
cases of various local and global fiber volume fractions. The dimensionless SIFs depend
more on the local fiber volume fraction (Vu ') than the global fiber volume fraction (VGF).

For the lower local fiber volume fractions, relatively larger dimensionless SIFs are produced.
The global fiber volume fraction (VGJ,), however, contributes significantly to the dimen
sionless SIFs as the cracked epoxy layer gets thinner (a/tmo > 2) and the local fiber volume
fraction is low enough (VLF = 0.2). It is noted that the curves for the dimensionless SIFs
attained for the linear crack surface loading case (f3 = I) present similar trends, whereas
their values are smaller than those obtained for the uniform crack surface loading (f3 = 0).

Finally, the hybrid composites case shown in Fig. 6 is considered. The local fiber
volume fraction near the cracked epoxy layer region, VLh is calculated as
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Fig. 3. Dimensionless stress intensity factor for a multi-layer case. (a) a/to = 1.0. (b) a/lo= 4.0.
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Table 2. Dimensionless stress intensity factor for E-glass/epoxy composites

VGf = 0.3 VGF = 0.5 "'GF = 0.8
--_._""_.,-~-~---_._-~_. ----_._----"..~-_ ..~~--_ .._- ...----------------,.-

VLF = V1F = Vu · = VLf = VLF = Vu "= 1/11'= Vu VLF =
a/t'lIO 0.2 0.4 0.8 0.2 0.4 0.8 0.2 0.4 0.8

.... _..,-_._--_._----_.,-----_ ...._--- _ ••._---,------------"-_·_,,.__" ... _0" ___._---------___"_ . -_.__._--~-----

p=O 0.1 0.998 0.995 0.984 0.998 0.995 0.984 0.998 0.995 0.984
05 0.910 0.844 0.782 0.913 0.839 0.781 0909 0.833 0.779
1.0 0.880 0.735 0,595 0.895 0.729 0.595 0.892 0.715 0.593
2.0 1.101 0.751 0.496 1.IOS 0.745 0.493 1.110 0,724 0.486
3.0 1.1 19 0.818 0.469 1.133 0.825 0.466 1.140 0810 0.456
4.0 1.139 0.889 O.46S 1.161 0.922 0.464 1.176 0.920 0.449

p= 1 0.1 0.499 0.499 0.499 0.499 0.499 0.499 0.499 0.499 0.499
0.5 0.492 0.491 0.490 0.492 0.490 0.490 0.492 0.490 0.490
1.0 0.459 0.444 0.438 0.458 0.443 0.438 0.456 0.442 0.438
2.0 0.432 0.377 0.344 0.433 0.374 0.344 0.430 0368 0.344
3.0 0.447 0.363 0296 0.462 0.358 0.296 0.464 0.348 0.295
4,0 0.479 0.368 0.269 0.5l1 0.362 0.269 0.523 0.351 0.26S
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Fig. 6. Geometry of hybrid composites.

V
LF

= - -
t",o + tn

(24)

Also, the global fiber volume fraction far from the cracked epoxy layer region, Vm , is
calculated as

, til + t l2V(iF = --_ _ "
2t", + til + to

(25)

In the numerical analysis, the shear modulus of graphite fiber is assumed to be 33.3 x 106

psi with Poisson's ratio being 0.2 (Schwartz, 1992). Dimensionless SIFs are tabulated in
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Table 3. Dimensionless stress intensity factors for hybrid composites (VOF = 0.5)

a/tmo
--------- --~-----,-

Composites VLI o I 0.5 1.0 2.0 3.0 4.0
---_._-~-,._..._-_._~-_._._~-,-- .. " --,-_",._-_._~._._---------_._.,.._,_._..,.'--'-----"....,_... , .._----_.._._----------_._----

fa) fJ = 0
E-glass/epoxy/graphite/epoxy 0.2 0.997 0.894 0.843 0.962 1.116 1.139

0.5 0.991 0.816 0.671 0.631 0.654 0.688
0.8 0.984 0.779 0.594 0.492 0.462 0.459

Graphi te/epoxy/E-glass/epoxy 0.2 0.995 0.873 0.814 0.949 1.116 1.128
0.5 0.984 0.773 0.610 0.539 0.553 0.591
0.8 0.981 0.747 0.535 0.409 0.369 0.349

Graphitejepoxy 02 0.995 0.864 0.786 0.883 1.105 1.124
0.5 0.984 0.772 0.603 0.529 0.536 0.564
08 0.981 0.746 0.535 0.409 0.367 0.347

(b) fJ = I
E-glassiepoxyjgraphitejepoxy 0.2 0.499 0.491 0.454 0.413 0.424 0.458

0.5 0.499 0.490 0.440 0.359 0.329 0.319
0.8 0.499 0.490 0.438 0.344 0.296 0.269

Graphite/epoxy/E-glass/epoxy 0.2 0.499 0.490 0.446 0.399 0.414 0.452
0.5 0.499 0.489 0.433 0.337 0.294 0.276
0.8 0.499 0.489 0.432 0.329 0.275 0.242

Graphite/epoxy 0.2 0.499 0.495 0.444 0.390 0.394 0.422
0.5 0.499 0.489 0.433 0.337 0.293 0.274
0.8 0.499 0.489 0.432 0.329 0.274 0.242

Table 3 for various composites with VOl' = 0.5. The effect of Vu .- on dimensionless SIFs for
various composites, is similar with that for E-glassjepoxy composites.

CO:"CLUSIONS

The SIFs for a central crack subjected to arbitrary normal loadings in a multi-layered
material, which is composed of elastically dissimilar layer, was analyzed by the Fourier
integral transform method. The following conclusions are obtained from the numerical
analysis.

(I) The dimensionless SI Fs for the half space case and the three-layered material case agree
with the previous results.

(2) For the multi-layered material, the dimensionless SIFs for each term of polynomial
loading increase as the crack length-to-layer thickness ratio and ratio of shear moduli
of the successive layers increase, and as the order of each term of polynomial loading
and the number of layers decrease.

(3) For monolithic and hybrid composites, the dimensionless SIFs for each term of poly
nomial loading depend mainly on the local fiber volume fractions. As the local fiber
volume fraction decreases. SIFs increase.
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APPENDIX

The components for Qin eqn (10) are defined as follows:

QII = I

Q" = tanhz,

Q" = tanhz, +z,

Q, = 1

Q" = z, tanhz, +2(1- v,)

Q4 = -tanhz,

Q., =(1-2v,)tanhz,-z,

Q(4'- )'4)·11 =-1

Q(4,r -')(4j •. 1) = -'--::, tanhz:

Q(4l 2)(4(-- I) = - tanh Zf

(AI)

1)14i " = .- tanhz:-z;

Ql4i I )14/ II = - [',

Ql4, '"4,+2) = -r,[2(1--v,)+z j tanhzil

Q","4, Ii = 1", tanh z:

Q14/11liAi II = 1



SIFs for inter-laminar cracked composites

Q(4i+ ljl'4j) = -Z,_, 1

Ql4l+ I }(4i+ I) = tanh :::1+ I

Q(41-+1}(4i+2) = Z,/+1 tanhzl + ,

Ql4i+:nl4i I) = tanhz i 1

Q(4l+21(4il = 'Zj+ I tanhzi + I

QI4i-t-l)14i+ I) = 1

Q'4i 2)1411" = tanh Zi~ I +Zi~ I (j = I to n-l)

Q(4i+]JI4j Ij=]

Qi 4i J!l4J) = 2(1-1'" I) tanh:" I +Z,+,
Q(4j+ ))1.4/+ I) = tanh::,-+- I

Q(4j+])14i-tl) :-..=. Zj+ I tanhz i + I +2(1-\J,-t-l)

QI4.l+4)14/ .... I) = tanhzi +]

Q{4i--41{4/) :..-::: _·-z/+ I tanhz:+ 1 + 1--2v,+]

Q(4i-t-4J(4i'I,1 =

Q'4" 41'4i,~') co tanhz" I (I ~2v,+,) Zi+' (j = I to n~2)

where f, == {l,lIlH' Z, == ~hh, (j = I to n - I), All other components are zero,

4367

(A2)

(A3)


